We prove that every curve on a separably rationally connected variety is rationally equivalent to a (non-effective) integral sum of rational curves. That is, the Chow group of 1-cycles is generated by rational curves. Applying the same technique, we also show that the Chow group of 1-cycles on a separably rationally connected Fano complete intersections of index at least 2 is generated by lines.
Introduction
In [Kol10] and [Voi12] , the following question is asked by Professor János Kollár and Professor Claire Voisin (and in the case of dimension 3 by Professor Burt Totaro): Question 1.1. Is every integral Hodge (n − 1, n − 1)-class on a smooth projective rationally connected n-dimensional variety over C a Z-linear combination of cohomology classes of rational curves?
This question can be separated into two questions, as in [Voi12] .
-Is every integral Hodge (n − 1, n − 1)-class on a smooth projective rationally connected n-fold over C a Z-linear combination of the cohomology classes of curves?
-Is every curve class on a smooth projective rationally connected n-fold over C a Z-linear combination of the cohomology classes of rational curves?
The first question is known in some special cases.
Theorem 1.2. Let X be a smooth projective variety over C. Then every integral Hodge (n − 1, n − 1)-class on X is a Z-linear combination of the cohomology classes of curves if X is one of the followings.
-X is a uniruled or Calabi-Yau 3-fold. [Voi06] -X is a Fano 4-fold.
[HV11]
-X is a Fano 5-fold with index 2.
-X is a Fano n-fold (n 8) with index n − 3. [Flo] It is shown in [Voi12] that a positive answer to the first question in general is implied by the Tate conjecture for divisor classes on surfaces defined over finite fields.
For the proof of the main theorem, one can first reduce rational equivalence to algebraic equivalence (Lemma 3.4). Then in characteristic 0 one can apply the main construction of [GHS03] to the trivial product X × P 1 and degenerate any curve to a sum of rational curves (this part is already stated in the unpublished note [Zon12a] ). Professor János Kollár pointed out that a more direct and simpler proof is possible by looking at the natural forgetful map Φ : M g,0 (X, [C] ) → M g,0 from the Kontsevich moduli space of stable maps to the moduli space of stable curves. Once we know this map is surjective, a degeneration argument proves the main theorem in all characteristics.
We still include a section on the proof by the product trick which started the whole projects with a few remarks and applications.
Next we turn to the study of one cycles on low degree complete intersections. First we have: Theorem 1.6. Let X be a (possibly singular) complete intersection of type (d 1 , . . . , d c ) with d 1 + . . . + d c n − 1. Then every rational curve on X is algebraically equivalent to an effective sum of lines.
Then by the same technique proving our main theorem, we have the following.
Theorem 1.7. Let X be a smooth complete intersection of type (d 1 , . . . , d c ) over an algebraically closed field k. Assume d 1 + . . . + d c n − 1. If Char(k) = p > 0, also assume that X is separably rationally connected. Then the Chow group of 1-cycles CH 1 (X) is generated by lines.
Remark 1.8. A general Fano hypersurface in characteristic p > 0 is separably rationally connected [Zhu11] . And it is plausible that the same is true for a general Fano complete intersection.
Corollary 1.9. Let X be a smooth separably rationally connected complete intersection of
Then the Chow group of 1-cycles CH 1 (X) is isomorphic to Z.
Proof. Under the assumption, the Chow group of 1-cycles is generated by lines and any two lines are rationally equivalent since the Fano scheme of lines in X is rationally chain connected (c. Definition 2.1. Let X be a proper variety over a field k. It is separably rationally connected (SRC) if it is smooth and there is a generic smooth family of 1-cycles with geometrically rational components:
over k such that the double evaluation map:
is genericallyétale and dominates X × X. If we drop theétale condition, it is called rationally connected (RC). And if we don't require the generic smoothness of U → B, it is called rationally chain connected (RCC).
Definition 2.2. Let X be a smooth proper variety. A morphism f : P 1 → X is free (resp. very free) if f * T X is non-negative (resp. ample).
A variety over an algebraically closed field is separably rationally connected if and only if there is a very free rational curve.
Definition 2.3. Let k be an arbitrary field. A comb with n teeth over k is a projective curve with n + 1 irreducible components C 0 , C 1 , . . . , C n overk satisfying the following conditions:
(i) The curve C 0 is defined over k.
(ii) The union C 1 ∪ · · · ∪ C n is defined over k (Each individual curve may not be defined over k).
(iii) The curves C 1 , . . . , C n are smooth rational curves disjoint from each other, and each of them meets C 0 transversely in a single smooth point of C 0 (which may not be defined over k).
The curve C 0 is called the handle of the comb, and C 1 , . . . , C n the teeth. A rational comb is a comb whose handle is a smooth rational curve.
One of the most important techniques in studying separably rationally connected varieties is the smoothing of a comb. Given a morphism f : C → X from a comb C with handle C 0 , a smoothing of f is a family Σ → T over a pointed curve (T, 0) together with a morphism F : Σ → X such that Σ 0 ∼ = C, F | Σ 0 = f and Σ t is a smooth curve, isomorphic to C 0 , for a general t.
The following result is implicit in the book [Kol96] and follows from the work of Kollár-Miyaoka-Mori.
Proposition 2.4. Given a morphism from a smooth projective curve f 0 : C 0 → X to a smooth proper and separably rationally connected variety X over a field k, and an integer d, there are p ≫ 0 very free rational curves f i : C i → X, 1 i p, such that
is a comb in the sense of 2.3. Furthermore, there is a morphism f : C → X (defined over k) and a smoothing of the comb
for a general member F t : Σ t → X of the smoothing and any line bundle M of degree d.
For the proof, we need the following lemma.
Lemma 2.5. Let D be a smooth projective connected curve of genus g and f : D → X be a morphism to a smooth variety. Then given an integer d, there is a number n such that for any line bundle L of degree at least n,
is non-zero for any line bundle M of degree d since any divisor of degree at least g is rationally equivalent to an effective divisor. Take E M to be an effective divisor in the linear system |L 1 + M |. Then we have the short exact sequence of sheaves
is non-zero, again since any divisor of degree at least g is rationally equivalent to an effective divisor. Take a divisor E in the linear system |L − L 0 − L 1 |. We have the following short exact sequence:
Proof of Proposition 2.4. We can assemble a comb whose handle is C 0 and whose teeth are very free curves C i , 1 i m. By Theorem 7.9, Chap II, [Kol96], at least m − h 1 (C 0 , f * T X ) teeth can be smoothed. We choose m to be large enough so that m − h 1 (C 0 , T X | C ) n, where n is the number in Lemma 2.5. Then a general smoothing Σ t of the subcomb has H 1 (Σ t , F * t T X ⊗ M ) = 0 for any line bundle M of degree d by Lemma 2.6 (Take E to be F * T X ⊗ N , where N is the line bundle on Σ whose restriction to a general fiber and the handle C 0 is isomorphic to M and the restriction to the teeth are trivial line bundles).
.. ∪ C p be a comb with p teeth as in Definition 2.3. Let q : Σ → T be a smoothing of C. And let E be a vector bundle over Σ such that the restrictions E| C i are all ample for 1 i p and
Remark 2.7. Let f : D → X be a curve in a separable rationally connected variety X. Assume D is embedded. One can add very free rational curves to form a higher genus nodal curve and smooth it, as is done in Section 2.2, [GHS03] . When D is not embedded in X, one can first embed D in X × P 3 and then do the above operation and project to X. In other word, after adding suitable rational curves, we can deform the reducible curve to a curve of higher genus in X.
Moduli space of stable maps to projective varieties
Definition 2.8. Let C be a connected nodal curve, and X be a projective variety. We call a morphism f : C → X a stable map if every irreducible component of C which is mapped to a point is one of the followings:
-A curve of arithmetic genus at least 2.
-A curve of arithmetic genus 1 having at least 1 intersection point with other components of C.
-A curve of arithmetic genus 0 having at least 3 intersection points with other components of C.
Let β be a curve class of X. We have a proper moduli space of stable maps M g,0 (X, β) ([FP97]). When X is a point, we recover the moduli space of stable curves M g,0 as in [DM69].
Remark 2.9. When X is not projective, we might not have a proper moduli stack of stable maps M g,0 (X, β): given a family of stable maps over the generic point of a discrete valuation domain to a proper, non-projective variety, it is always possible to extend the family over the closed point (possibly after a base change) to a family of prestable maps (i.e. maps from a family of nodal curves). But it is not clear that one can extend the family over the closed point (even after a base change) to a family of stable maps.
Let X and Y be projective varieties with a morphism π : X → Y . Fix a curve class β of X. We have then a natural forgetful map ([BM96]):
defined by composing a map f : C → X with π and collapsing components of C as necessary to make the composition π • f stable. Now we have an easy but important observation.
Lemma 2.10. For a stable map f : C → X, the components that are contracted under
are all rational.
Proof. By Definition 2.8, the only possible non-stable components that need to be contracted are smooth rational curve having at most 2 intersection points with other components of C.
Reducing rational equivalence to algebraic equivalence
The following proposition is essentially Proposition 3.13.3, Chap. IV, [Kol96] . The existence of the number N follows from the argument there but is not explicitly stated. We include the proof here for completeness.
Proposition 3.1. Let X be a proper rationally chain connected variety over an algebraically closed field. Then there is a positive integer N together with a family of effective 1-cycles with rational components
where u is the evaluation map, such that for any 1-cycle D in X, there are integers m i 's and rational curves F i 's in the fibers of g : F → B, which satisfies the following rational equivalence relation:
Proof. By the definition of rational chain connectedness, there is a family of connected effective 1-cycles with rational components g : F → B in X with the evaluation map u : F → X, and such that the map
is generically finite of degree N and surjective. Now pick a general point x 0 of X. Then u 0 : u −1 (x 0 ) × B F → x 0 × X is generically finite of degree N and surjective. Denote u −1 (x 0 ) × B F by F 0 . And let B 0 = g(u −1 (x 0 )). Then we have a diagram:
Fix an irreducible curve C in X. Then the class [C] is rationally equivalent to a class of the form
, where C 1 and C 2 are curves in X containing a general point. To see this, first find a projective birational morphism X ′ → X which is an isomorphism near the generic point of C. Then there is a unique lifting of C to X ′ . Thus it suffices to prove this when X is projective. Then one can find an irreducible curve C ′ , which contains a general point, as a residual curve of C such that C ∪ C ′ is a complete intersection of very ample divisors. Then [C] is rationally equivalent to the difference of a general complete intersection and C ′ . So we may assume that C contains a general point of X. LetĈ be the one dimensional component of the inverse image of
The curveĈ is a section of the chain of ruled surfaces, intersecting each other at a section:
There is another section C 0 : u −1 (x 0 ) × B 0Ĉ , which is mapped to x 0 via the evaluation map u 0 .
Since two sections of a ruled surface are rationally equivalent modulo rational curves in the fiber, we haveĈ
where F i 's are irreducible components of the fibers of F → B. Push forward this relation to X.
Let CH 1 (X) alg be the subgroup of the Chow group of 1-cycles on X which are algebraically equivalent to 0. Here is a classical lemma.
Lemma 3.2 [BO74], Lemma 7.10 . The group CH p (X) alg is a divisible group. Namely, for any integer N > 0 and any element x in CH p (X) alg , there is another element y in CH p (X) alg such that x = N · y.
Proof. The subgroup CH p (X) alg is generated by cycles of the form Σ p − Σ q , where Σ ⊂ C × X is a family of cycles over a smooth projective curve C. So the divisibility of CH p (X) alg follows from the divisibility of CH 0 (C) alg , which is isomorphic to the Jacobian of the curve C.
Denote by ·N the map of multiplication by N in CH 1 (X) alg . Then
is surjective by the divisibility of CH 1 (X) alg . Together with Proposition 3.1, one immediately has:
Corollary 3.3. Notation as in Proposition 3.1. Then CH 1 (X) alg is generated by cycles with only rational components.
This allows us to reduce Theorem 1.3 to a similar statement for cycles modulo algebraic equivalence.
Lemma 3.4. In order to prove the main theorem 1.3, it suffices to prove that rational curves generate the group of one cycles modulo algebraic equivalence.
Proof. Assume that for any curve C in X, there are rational curves C i 's and integers n ′ i s, such that
is algebraically equivalent to 0, namely, an element in CH 1 (X) alg . Then by Corollary 3.3, we have rational equivalence relation
where m i 's are integers and F j 's are rational curves. So C is rationally equivalent to an integral sum of rational curves.
Proof of the main theorem over C with a product trick
We can use a product trick to prove the main result of this paper over the field of complex numbers C, by applying the main argument of the celebrated paper "Families of Rationally Connected Varieties" of T. Graber, J. Harris and J. Starr ([GHS03]).
Theorem 4.1. Let X be a smooth proper rationally connected variety over C. Then every curve on X is algebraically equivalent to a Z-linear combination of rational curves.
Remark 4.2. It is easy to reduce to the projective case as follows: by Chow's lemma and resolution of singularities, there is a smooth projective variety X ′ , with proper birational morphism f : X ′ → X. One can smooth any curve C ⊂ X (after adding free rational curves) to a general curve C ′ not supported in the exceptional locus of f . Then just take a lift of C ′ in X ′ .
Assuming X is projective, the idea of proof is to first lift any irreducible curve C in X to X × P 1 . By [GHS03], there are very free rational curves which are horizontal with respect to the projection to P 1 , just add enough of these curves to form a comb and then smooth to a curveĈ which is f lexible in the sense of [GHS03], i.e. the natural map
is proper and surjective at the corresponding component. DegeneratingĈ to a sum of rational curves and pushing forward this relation to X, we get the desired result. The following subsection is largely a restatement of the unpublished note [Zon12a].
Families of rationally connected varieties
Let Y be a smooth projective variety with a morphism Y → P 1 whose general fibers are rationally connected. For a class β ∈ H 2 (Y, Z) having intersection number d with a fiber of the map π. We have then a natural morphism:
Definition 4.3. Let f : C → Y be a stable map from a nodal curve C of genus g to X with class f * [C] = β. We say that f is flexible relative to π if the map ϕ :
is dominant at the point [f ] ∈ M g,0 (Y, β) and π : C → P 1 is flat. Proof. It is a classical fact that the variety M g,0 (P 1 , d) has a unique irreducible component whose general member corresponds to a flat map f : C → P 1 , see [Ful69] . Since the map
) is proper and dominant, ϕ is surjective on the component of π : C → Y . By Lemma 2.10 it is enough to find a degeneration of C → P 1 in M g,0 (P 1 , d) as a sum of rational curves, which is elementary. Proof of Theorem 4.1. Take Y = X × P 1 , for any irreducible curve C ⊂ X, lift it to a curve C ′ in X × 0 ⊂ Y . Since Y is rationally connected, we can add enough free curves of Y which are horizontal with respect to the projection Y → P 1 , such that the comb can be deformed to a multisection Γ of the fibration Y → P 1 . By Theorem 4.5, we can add some other rational curves to Γ and deform the reducible curve to a flexible curve. Then by Proposition 4.4, it can be degenerated to a sum of rational curves, so C ′ is algebraically equivalent to an integral sum of rational curves in Y . Pushing forward the relation to X finishes the proof.
Remark 4.6. It might be possible to prove the main theorem in all characteristics by applying the argument of [dJS03] to X × P 1 .
Proof of the main theorem in all characteristics
We begin with a lemma.
Lemma 5.1. Let f : C → X be a morphism from a smooth projective connected curve C of genus g( 2) to a projective variety X. Assume that the image of f lies in the smooth locus X sm of X and H 1 (C, f * T X ) = 0. Then the moduli space M g,0 (X, [C] ) is smooth at the point represented by (f : C → X) and the natural forgetful map:
restricted to the (unique) irreducible component containing the point represented by (f : C → X), is surjective.
Proof. The deformation and obstruction space of the stable map (f :
is the map between tangent spaces of M g,0 (X, [C]) and M g,0 . Thus the vanishing of H 1 (C, T X | C ) implies both the surjectivity of the tangent space map and smoothness of M g,0 (X, [C] ) at the point represented by (f : C → X). Therefore the restriction of the forgetful morphism Φ to the component containing the point (f : C → X) is dominant. Since the morphism Φ is also proper when restricted to this component, it is also surjective. Now we can finish the proof of the main theorem by the following result and Lemma 3.4.
Theorem 5.2. Let X be a smooth proper and separably rationally connected variety over an algebraically closed field of arbitrary characteristic. Then every curve on X is algebraically equivalent to a Z-linear combination of rational curves.
Proof. Choose an irreducible curve f : C → X. We may assume the genus of C is at least 2 by Remark 2.7. Then by Proposition 2.4, we may also assume that H 1 (C, f * T X (−p)) = 0 for any point p in C (up to adding very free rational curves and smoothing). Note that H 1 (C, f * T X ) also vanishes in this case. By Chow's lemma, there is a normal projective variety X ′ with a birational morphism π : X ′ → X. The exceptional locus of π has codimension at least 2 in X. Thus there is a open subset U of X, whose compliment has codimension at least 2, and is isomorphic to an open subset V of X ′ . Since H 1 (C, f * T X (−p)) = 0, a general deformation of C lies in U . By abuse of notations, we still write the general deformation as C. Then by upper semi-continuity,
And it suffices to prove the statement for the map f :
Finally Lemma 5.1 implies that the forgetful map
is surjective when restricted to the irreducible component of the Kontsevich moduli space of stable map M g,0 (X ′ , [C]) containing the point represented by (f : C → X ′ ). The moduli space M g,0 is irreducible [DM69]. So one can specialize the image of C in M g,0 to a singular stable curve whose irreducible components are all rational curves. And then choose any preimage of the point in the irreducible component of
. By Lemma 2.10, the preimage is represented by a map from a curve with only rational components to X ′ . Thus the curve class [C] is algebraically equivalent to the class of a union of rational curves.
Remark 5.3. An elliptic curve without any marked point is not stable. So we increase the genus first to get a stable curve. One can also use M g,1 and slightly modify Lemma 5.1 to adapt to this case.
One cycles on low degree complete intersections
In this section, we prove the following theorem by the same technique as in previous sections.
Theorem 6.1. Let X be a smooth complete intersection of type
, also assume that X is separably rationally connected. Then the Chow group of 1-cycles CH 1 (X) is generated by lines.
By the assumption, X is rationally chain connected by chains of lines (Lemma 4.8.1, Chap. V of [Kol96]). Let F (X) be the Fano scheme of lines of X. Then ( Proposition 3.13.3, Chap. IV [Kol96] ).
(ii) The cokernel of CH 0 (F (X)) alg → CH 1 (X) alg is annihilated by an integer N (c.f. Proposition 3.1).
Thus it suffices to show that every curve is algebraically equivalent to an integral sum of lines by the same argument as in Lemma 3.4. By the main theorem 1.3, it suffices to show that every rational curve is algebraically equivalent to an integral sum of lines.
Theorem 6.2. Let X be a (possibly singular) complete intersection of type (d 1 , . . . , d c ) with
Then every rational curve on X is algebraically equivalent to an effective sum of lines.
We will need the following connectedness result of Hartshorne.
Lemma 6.3 (Hartshorne, [Har62] ). Let X be a subscheme in P N defined by M homogeneous polynomials. And let Y be a closed subset of X with dimension less than
Proof of Theorem 6.2. We use induction on the degree of the considered rational curve. The degree 1 case is obvious.
Assume the statement is true for all rational curves whose degree is less than e( 2). Fix a copy C of P 1 , and consider the parameter space
If we choose homogeneous coordinates x 0 , . . . , x n on P(V ), then P parametrizes (n + 1)-tuples [u 0 , ..., u n ] of homogeneous degree e polynomials on C.
Let X be a complete intersection of codimension c of type (d 1 , . . . , d c ) defined by nonzero degree d i homogeneous polynomials F i (1 i c) on P(V ). Define P X to be the closed subset of P parameterizing [u 0 , ..., u n ] such that F i (u 0 , ..., u n ) equals 0 for all 1 i c. The subvariety P X is defined by homogeneous polynomials of degree
Let B ⊂ P be the closed subvariety parameterizing tuples [u 0 , . . . , u n ] where span{u 0 , ..., u n } in H 0 (C, O(e)) is 1-dimensional, i.e., every pair u i , u j satisfies a scalar linear relation. The codimension of B in P is ne.
Let D ⊂ P be the closed subvariety parameterizing (n + 1)-tuples [u 0 , ..., u n ] that have a common zero in C. Clearly D contains B. The point outside D parametrizes a degree e map from C to P n .
Now we see that P X ∩ B parameterizes a degree e polynomial in two variables (up to scaling) and a point in X. So its dimension is n − c + e. Then in the situation of Lemma 6.3, take Y to be P X ∩ B and N = ne + n + e, M = e(d 1 + ...
Therefore P X − B is connected for all e 2. Now let u = [u 0 , . . . , u n ] be any element of P X − D, e.g., a parameterized, degree e morphism from C to X. Let u ′ be a degree e multiple cover of a line in X. Then u ′ is algebraically equivalent to a union of lines. Since P X − B is connected, there exists a connected curve mapping to P X −B whose image connects these two points. We may assume that it is a chain of irreducible components, with each consecutive pair meeting in a single node.
If none of the nodes is contained in D, then after deleting finitely many points from the curve, none of which are the nodes, we may assume the entire connected curve is disjoint from D. Thus this connected curve parameterizes a family of stable maps. Then u is algebraically equivalent to u ′ , and hence algebraically equivalent to a union of lines.
So it remains to consider the case when some of the nodes lie in D but not in B. Consider the first such node, starting from the component containing u. Approaching the node from the component closer to u, we have a family of elements in the complement of D which approaches a point of D, i.e., we have a family of stable maps which approaches a point of D. But this is a point of D which is not in B. So the corresponding rational map from C to X is non-constant of degree strictly less than e. It follows that the limiting stable map has at least one component of positive degree which is strictly less than e, i.e., this is a point in the boundary. But then, each component of this boundary stable map has degree strictly less than e, hence by induction each component is algebraically equivalent to a union of lines. Thus u is also algebraically equivalent to a union of lines.
Remark 6.4 (suggested by C. Voisin). The argument presented here proves that for a smooth Fano complete intersection of type (d 1 , . . . , d c ) such that d 1 + . . . + d c n − 1, the Griffiths group of one cycles homologous to 0 modulo algebraic equivalence is trivial. Indeed, this follows from the statement that every one cycle is rationally equivalent to a linear combination of lines and the fact that the Fano scheme of lines is connected in all but one case, i.e. the quadric surface in P 3 ([Kol96], Theorem 4.3, Chap. V, [Zon12b], Theorem 1.3). But the statement is easily seen to be true for the quadric surface.
Remarks on the product trick
The product trick gives a weak form of Proposition 3.1.
Proposition 7.1. Let X be a proper rationally connected variety over an algebraically closed field, then CH 1 (X) ⊗ Z Q is generated by rational curves.
Proof. For any curve C in X, consider the graph Γ ⊂ C × X. Take any point x ∈ X. Let C ′ be the trivial section x × C ⊂ X × C. Since X × C K(C) is a rationally connected variety over the function field K(C) of C, after a base change S → C there is a rational curve in X × C K(S) connecting Γ × C K(S) and C ′ × C K(S ′ ). Thus there is a ruled surface with two sections Γ and C ′ . Recall again the fact that two sections of a ruled surface are rationally equivalent modulo fibers, which are all rational curves. The result follows from pushing forward everything to X and the fact that the push-forward of C ′ is 0 in the Chow group of X.
We give one more application of the product trick. Although, strictly speaking, the trick is not necessary, it does make the proof more transparent. Proof. Let f : C → X be a curve in X. We first show that C is rationally equivalent to a sum of lines in X.
Consider the graph Γ of the map in C × X. Choose a trivial section S = C × x of C × X → C, where x is a closed point in X. Now think of the fibration over C as a scheme X defined over K(C), the function field of C, by equations of degree d 1 , . . . , d c and the graph and the trivial section as two rational points of X . Under the assumptions on d i 's, X is rationally chain connected by chains of two lines. And furthermore, the scheme parameterizing the chain of two lines containing two points is defined by equations of degree To see this, just consider the equations for the intersection point of the two lines. In particular, the scheme parameterizing chains of two lines containing the two rational points is a scheme defined over K(C) by equations of the above degrees. Then by Tsen's theorem, there is a K(C)-rational point in the scheme. The chain of lines between the two rational points is equivalent to a chain of ruled surfaces over C containing the two sections Γ and S as sections (of the ruled surface). So Γ ∼ r.e. S + lines in C × X. Then push forward the relations to X. Notice that the push-forward of [S] is 0. Thus we get the desired relation in X.
Finally note that any two lines in X are rationally equivalent since the Fano scheme of X is rationally chain connected under the assumptions on d i .
